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Significance
Time step (month)
Population of lenders of strategy iteration i (number of lenders)
Maturity of regulator pursuing strategy j (𝑅 ∈[0,1], where 0 = immature; 1 =
mature.)
Lender carrying capacity (lenders)
Lender natural growth rate (lenders/month)
Lender natural failure rate (lenders/month)
Lender closure rate resulting from regulatory strategy i (lenders/month)
Maximum “mutation” rate of lender experimental innovation (under ideal
conditions of high lender closure)
Maximum probability of lender copying behavior under ideal conditions
Maximum probability of lender experimental innovation (s+cc)
Adjusted probability of lender copying mutant lenders (responding to changing
conditions)
Actual lender adaptation probability from 𝐿𝑖 to 𝐿𝑖+1 (in given time step)—
incorporating Monte Carlo protocol
Maximum probability of regulator innovation and development (in given time
step) under ideal conditions of high lender escape
Adjusted probability of regulator innovation under changing conditions
Actual regulator adaptation probability from 𝑅𝑗 to 𝑅𝑗+1 (in given time step)—
incorporating Monte Carlo protocol
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1. The Model Overview

Supp. Fig. 1

2. Mapping the Probabilistic Relationship Between Regulator and Lenders
Lenders and a single state regulator are engaged in an arms race, in which each side adopts an
innovative mutant strategy to respond to the other’s latest move. Lenders adopt an innovative
strategy to avoid regulation. The model describes behavior probabilistically to reflect the
uncertainty associated with these dynamic processes. In the main body of the paper, we describe
the framework in differential equations. We convert those equations here to the discrete stochastic
form that we used to simulate the model.
A. Lenders
Lenders are strategy specific. Lenders possess identical incentives, market volume, and behavior,
and differ only in the lending strategy employed. So 𝐿0 might represent a lender population that
employs ordinary payday lending strategies. 𝐿1 might represent a lender strategy that has
affiliated with Indian tribes to avoid regulation.
Equation [1] represents the change in strategy-specific lender population of type i over time.
𝑑𝐿i
𝑑𝑡

1

= [𝐿i 𝑔 (1 −

𝐿𝑇
)] –
𝐾

(𝐿i 𝑓) − (𝐿i 𝑅i 𝑑) + [𝐿i−1 (𝑄i−1,i ) − 𝐿i (𝑄i,i+1 )]

[4]1

This equation is indexed as 4 to correspond with the index provided in the main body of the paper.
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The change in a strategy specific lender population is the sum of lender growth minus lender
failure from ordinary business reasons, minus lender closure under the pressure of regulation plus
innovators entering and exiting from other strategy-specific cohorts.
In terms of lender growth, the parameter g is defined as the lenders’ growth rate (in lenders per
month). K is the carrying capacity or absolute limit of lenders that the state can support (in
lenders). The parameter f is the lenders’ business failure rate (in lenders per month). 𝐿 𝑇 is defined
as all lenders of any strategy type in the population, or more formally, ∑𝑖𝑗=0 𝐿𝑗 .
In terms of lender closure, the variable d is the lender’s closure or death rate from regulation (in
lenders per month). This term reflects the strength of the legislation, so for example, legislation
like interest rate caps will produce a higher d than relatively weaker legislation like restrictions on
the number of times a borrower can roll over a loan. All lenders close with the same probability.
Ri represents the “maturity” of a single strategy-specific regulation, pursuing strategy i.
The maturity level of the regulation and varies between 0 and 1, with 1 being a fully mature
regulation. More mature regulatory strategy closes more lenders. The concept of regulatory
maturity is more fully discussed in the next section.
In the final term of the equation, the strategy-specific lender population using strategy i gains
lenders from earlier strategy iterations (i-1) who switch to the instant strategy. The population
also loses lenders who are using the current strategy when they mutate to adopt a new iteration
(i+1) strategy to avoid regulation.
𝑄i−1,i and 𝑄i,i+1 are lender mutation rates that reflect both innovating lenders and lenders who
copy innovators. These terms conceal a more complicated set of equations representing that
innovation and copying.
Lenders switch to a new strategy in one of two ways: (i) by discovering a new strategy that avoids
regulation, or (ii) by copying the innovations of other innovative lenders who have already
switched. Lender discovery will be represented by the term 𝑠𝑅𝑖 𝑑𝑖 . The variable s (lenders per
month) represents the maximum probability with which lenders innovate to discover a new
strategy in a given time period. Lender discovery is proportional both to the maturity of the
regulation 𝑅𝑖 and the lender regulatory closure rate 𝑑𝑖 . This proportionality reflects the idea that
a high lender closure rate creates significant selection pressure to innovatively adapt, as does a
more mature regulation. Thus lender discovery is an adjusted term that reflects changing
conditions.
𝐿

𝑖+1
Lender copying will be represented by the term 𝑐𝑐(𝐿 +𝐿
). The variable cc represents the
𝑖

𝑖+1

maximum rate (in lenders per month) at which lenders copy innovators described above. As the
term shows, lender copying is proportional to the fraction of lenders who have switched a new
innovation strategy relative to the sum of the current and new lenders. Thus this term is also an
adjusted term that reflects changing conditions.
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Putting these terms together, we can represent lender adaptation as a combination of lender
discovery and lender copying. We define 𝑞𝑖,𝑖+1 as lender adaptation. This term is the sum of the
probability of lender discovery (adjusted to changing conditions) plus lender copying (adjusted to
𝐿
changing conditions). Thus, 𝑞𝑖,𝑖+1 = 𝑠𝑅𝑖 𝑑𝑖 + 𝑐𝑐( 𝑖+1 ).
𝐿𝑖 +𝐿𝑖+1

𝑄𝑖,𝑖+1 is the stochastic version of 𝑞𝑖,𝑖+1. To reflect that adaptation is a stochastic process, we
utilize a Monte Carlo protocol to introduce a small amount of randomness in the rate at which
lenders adapt through innovation and copycat behavior. We pick a random variable, and if the
variable falls within the range of zero to 𝑞𝑖,𝑖+1 , then lender adaptation occurs with magnitude
(define—rate or % of lenders who adapt) of random variable. The term 𝑄𝑖,𝑖+1 is the stochastic
value--zero if MC fails, or random if MC succeeds. The sum 𝑞𝑖,𝑖+1 acts as both the probability of
lender adaptation and the upper bound of the lender adaptation rate 𝑄𝑖,𝑖+1 in a given time step.
Thus, adaptation from i to i+1 is represented by 𝐿i ∗ (𝑄i,i+1 ) where 0 ≤ 𝑄𝑖,𝑖+1 ≤ 𝑞𝑖,𝑖+1 . For
simplicity, we have assumed that lender adaptation is linear.
Putting all these components together, Equation 1 again summarizes the population dynamics of
lenders using a given strategy i:
𝑑𝐿i
𝑑𝑡

= [𝐿i 𝑔 (1 −

𝐿𝑇
)] –
𝐾

(𝐿i 𝑓) − (𝐿i 𝑅i 𝑑) + [𝐿i−1 (𝑄i−1,i ) − 𝐿i (𝑄i,i+1 )]

[1]

In the sections below, we use our model to study a system with four equations representing four
iterations of lender strategy, each representing a successive next-generation innovation to escape
regulation:
𝑑𝐿0
𝐿𝑇
= [𝐿0 𝑔 (1 − )] – (𝐿0 𝑓) − (𝐿0 𝑅0 𝑑) − 𝐿0 (𝑄0,1 )
𝑑𝑡
𝐾
𝑑𝐿1
𝐿𝑇
= [𝐿1 𝑔 (1 − )] – (𝐿1 𝑓) − (𝐿1 𝑅1 𝑑) + 𝐿0 (𝑄0,1 ) − 𝐿1 (𝑄1,2 )
𝑑𝑡
𝐾
𝑑𝐿2
𝐿𝑇
= [𝐿2 𝑔 (1 − )] – (𝐿2 𝑓) − (𝐿2 𝑅2 𝑑) + 𝐿1 (𝑄1,2 ) − 𝐿2 (𝑄2,3 )
𝑑𝑡
𝐾
𝑑𝐿3
𝐿
= [𝐿3 𝑔 (1 − 𝑇 )] – (𝐿3 𝑓) − (𝐿3 𝑅3 𝑑) + 𝐿2 (𝑄2,3 )
𝑑𝑡

𝐾

[S1]

Here, we calculate the dynamic steady state for the basic regulator-lenders interaction (onegeneration only). The system reaches steady state when the market growth of lenders is equal to
the loss of lenders from ordinary business failure and regulation, or when the rate of change in
lenders is zero.
In calculating the steady state lender population, we assume that the regulation is fully mature at
steady state and thus we set 𝑅j = 1. Recall from Equation [1] in the main text that lenders change
over time according to this equation:
𝑑𝐿i
𝑑𝑡

= [𝐿i 𝑔 (1 −

𝐿𝑇
)] –
𝐾

(𝐿i 𝑓) − (𝐿i 𝑅i 𝑑)

We calculate the steady state lender population L for a one-generation interaction by setting the
rate of change at zero, assuming 𝑅i = 1, and re-arranging terms as follows:
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𝑑𝐿/𝑑𝑡 = 𝐿 𝑔 (1 −

𝐿𝑇
)–
𝐾

𝐿 𝑓 – 𝐿 (1) 𝑑 = 0

𝐿∗ = 1 − (𝑑 + 𝑓)/𝑔) 𝐾
Given our baseline parameters, we observe a steady state lender population of 0.6K, or 480, little
more than half of our lender saturation baseline parameter of 800.
B. The Regulator
The following equation describes the logistic maturation (or logistic growth of regulation) of
𝑑𝑅
𝑅
regulation over time: 𝑖 = 𝑅𝑖 𝑚𝑖 (1 − 𝑖 ). Here, K is defined as the carrying capacity or steady𝑑𝑡

KR

state limit of regulation maturity, which is 1, and 𝑚𝑖 is the regulation maturity rate (in units of
inverse time.) We assume that in the developmental process, regulation maturity only advances,
and never regresses.2
As described in the main text, the emergence of innovating lenders creates a selection pressure
that favors the emergence or “birth” of new regulation that re-regulates the lenders. The variable
𝑝 is defined as the probability of re-regulation in a given period of time. This term p represents
the maximum probability at which the regulator innovates to adopt a re-regulation strategy in a
given time period. This term is associated with the regulator’s control of the rate at which it
discovers new strategies to re-regulate escaping lenders: hiring more lawyers to brainstorm for
new regulation, or the opportunity cost of shifting lawyers from enforcement to innovation, for
example.
The expression 𝑝

𝐿𝑖
𝐿𝑇

= 𝑦𝑖−1,𝑖 represents the actual probability of the regulator to innovatively

adapt, which is proportional to the density of escaping lenders. This y term is thus an adjusted
term that reflects changing conditions.
Finally, 𝑃𝑖−1,𝑖 represents the stochastic version of 𝑦𝑖−1,𝑖 in which the next generation of
regulation is “seeded” from the previous generation. Again, we use a Monte Carlo protocol to
generate a random number, and if that number is less than or equal to 𝑦𝑖 , we let 𝑃𝑖−1,𝑖 = .01. This
low P represents the initial “seeding” of the new generation of regulation, which then matures
over time.
More formally, 𝑃𝑖−1,𝑖 is a random variable drawn from a distribution r ( 𝐿𝑖 , p and 𝐿 𝑇 ). Here,
r(𝑃𝑖−1,𝑖 = 0.01 = *I(𝑅𝑖 = 0) where I is an indicator function that takes value 1 if the statement
𝑅𝑖 = 0 is true. Similarly, r(𝑃𝑖−1,𝑖 = 0 = 1-𝑦𝑖 *I(𝑅𝑖 = 0).
Putting the seeding or birth of re-regulation strategies and their maturation or growth together, the
change in regulatory maturity over time is described in Equation 2:

Thus the regulation maturity R grows toward 1. We also assume that regulation is additive, that
is, that the regulator continues to deploy earlier strategies and layers the innovative regulatory
strategy on top of the earlier strategies. We assume that the first step of regulatory maturity is
innovation, as an agent switches from an old strategy to a new one, and thus we incorporate both
growth and adaptation into a single term.
2
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𝑑𝑅𝑖
𝑑𝑡

𝑅

= 𝑃𝑖−1,𝑖 + 𝑅𝑖 𝑚𝑖 (1 − K 𝑖 )
R

(S2)

Our model describes four generations of regulations corresponding to four generations of lender
strategies, the dynamics of which are represented by the equations below. Since KR = 1, we
simplify to get:
𝑑𝑅0
= 𝑃𝑁,𝑖 + 𝑅0 𝑚𝑖 (1 − 𝑅0 )
𝑑𝑡
𝑑𝑅1
= 𝑃0,1 + 𝑅1 𝑚𝑖 (1 − 𝑅1 )
𝑑𝑡
𝑑𝑅2
= 𝑃1,2 + 𝑅2 𝑚𝑖 (1 − 𝑅2 )
𝑑𝑡
𝑑𝑅3
= 𝑃2,3 + 𝑅3 𝑚𝑖 (1 − 𝑅3 )
𝑑𝑡

(S3)

3. Simulating The Model to Observe Dynamics
We simulate the model to observe its key dynamic relationships. Here, we vary p and d to
observe the effects of doing so on two outcomes: reducing the level of payday lending (measured
in total number of lenders denoted as LT) and reducing the frequency of wasteful innovation by
lenders and regulators (measured in lender-regulator innovations per month, denoted as IR).
Our base case parameters to simulate the model are dt= .02, L1 = 10, K=800, g =2, f =0.4, d=0.4,
s=0.1, cc= 0.1. We vary p. Later in the Appendix, we explore the effects of varying these baseline
parameters in a sensitivity analysis. Many of these parameters are somewhat arbitrary but some
are not. As our baseline market bound parameter, we set K = 800, which we derive from available
data. As of 2018, the state of Maryland has 2.2 million households. The maximum number of
lenders per 10,000 households in the US (in the state of Mississippi) is 3.5.3 We use this
maximum observable rate to set the market saturation rate for Maryland’s population. We set g =
2 as plausible in light of the ten-fold rate at which lender storefronts grew in Indiana just after
payday lending became legal.
We use Euler method numerical approximation and semi-arbitrarily chosen baseline parameters
to conduct the relevant simulations. For all combinations of parameters, we averaged results over
10,000 runs. A simple version of the model is available online; readers can vary parameters for
themselves to observe the effect on lender and regulator dynamics.4
A. Varying p
First, we vary re-regulation probability 𝑝 to observe the effect on the number of payday lenders
(LT) and the frequency with which regulator and lenders innovate (IR). Fig. 1 in the main text
shows a time series of a single run with four generations in which we varied the rate of p holding
3

See Barth et. al, Do State Regulations Affect the Concentration of Payday Lenders? 84 J. Economics and
Business 14 (2016).
4

Available at http://faith.cs.uchicago.edu/~stuart/payday.html. This applet was created with Elm. All code
for this and other approximations will be (but is not yet) available at www.dariaroithmayr.com.
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other parameters constant, to observe the effect of doing so on regulatory performance. In the
graphs measuring the number of lenders over time, on the left side (lender side) of Fig. 1, we
observe that increasing p has the effect of decreasing lender numbers. The amplitude of the lender
generation curves decreases as the regulator becomes more adaptive. Intuitively, a more adaptive
regulator closes more lenders.
In the graphs measuring regulatory formation over time, on the right side (regulator side) of Fig.
1, we observe that increasing p facilitates the earlier emergence of new innovative generations of
regulators. In particular, regulator generations appear earlier on the x axis, which represents time.
Regulatory formation occurs at a higher rate as well. Likewise, we observe on the left side of Fig.
1 that new innovative generations of lenders emerge earlier as well.
Figs. S2 below offers a more precise measure of the effect of a higher re-regulation probability.
This graph plots re-regulation probability (p) against re-regulation innovation frequency (IR).
This concave increasing function depicts a positive relationship—a more adaptive regulator
increases the frequency with which the regulator must innovate to address loopholes. This is
because increasing the probability that the regulator will re-regulate triggers increased innovation
by lenders, who respond to the pressure of the new regulation. In turn, this increases the reregulation innovation frequency of the regulator, who now responds to escaping lenders.

dt= .02, L1 = 10, K=800, g =2, f =0.4, d=0.4, s=0.1, cc= 0.1

FIG S2: EFFECT OF VARYING p ON INNOVATION FREQUENCY
Fig. S3 shows the effect of varying re-regulation probability p on the total number of lenders LT.
A convex decreasing function signals that as p increases and the regulator becomes more
adaptive, LT diminishes. This is because more adaptive regulation better addresses escape mutant
lenders, which reduces the total number of lenders.
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dt= .02, L1 = 10, K=800, g =2, f =0.4, d=0.4, s=0.1, cc= 0.1

FIG S3: EFFECT OF VARYING p ON PAYDAY LENDING
Our analysis demonstrates that increasing the regulator’s probability of adaptive re-regulation
produces two opposing effects: a higher probability of re-regulation is associated with a lower
number of payday lenders over time but a higher innovation frequency rate.
B. Varying Lender Closure (d)
We now investigate the effect of varying the strength of regulation—the rate of lender closure
d—on payday lender numbers and re-regulation frequency. As before, we vary the independent
variable d on the interval [0.01, 1] in increments of .01, to observe the effect of this variation on
total payday lenders (LT) and re-regulation frequency (IR).
Figs. S4 and 5 demonstrate that, as with regulator adaptability, a higher regulatory strength d is
correlated to reduced total payday lenders and increased re-regulation frequency. We again
observe a concave increasing function. This effect turns on the defined relationship between
lender closure and lender innovation: As more lenders close, the rate of lender innovation (q)
increases, and in turn, the regulator must re-regulate more frequently to address escaping
innovators.
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dt= .02, L1 = 10, K=800, g =2, f =0.4, d=0.4, s=0.1, cc= 0.1

FIG S4: THE EFFECT OF VARYING LENDER CLOSURE RATE (d) ON INNOVATION
FREQUENCY
At the same time, we observe in Fig. S5 that increasing d is correlated with fewer total payday
lenders. This result is again intuitive: a regulation with a higher closure rate by definition will
reduce the number of payday lenders.

dt= .02, L1 = 10, K=800, g =2, f =0.4, d=0.4, s=0.1, cc= 0.1

FIG S5: THE EFFECT OF VARYING d ON PAYDAY LENDING
In sum, as the probability of re-regulation (p) and regulatory strength (d) increases, the total
number of payday lenders (LT) decreases, but the frequency of innovative regulator re-regulation
(IR) increases.
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4. Optimizing
We seek to optimize regulator choices of two variables: p, the probability with which the
regulator adapts to re-regulate innovative lenders and d, the rate at which the regulator closes
lenders. We systematically vary the value of regulator adaptability p in increments of .005 on the
interval [0.005, 1], and measure the effect of this variation on two performance criteria.
We define the performance criteria as follows. The level of payday lending AvgLT is calculated as
the sum of the total number of payday lenders across all three generations L0, L1, L2 divide by the
total time period in which regulations R0, R1, R2 are active, to produce a single lender per month
value. A regulation is considered active when Ri > 0; that is, the first formative step has occurred
allowing the regulation to impact the corresponding lender population. We exclude the final
generation, L3 and R3, to minimize edge effects arising from the fixed number of time steps.
We measure the frequency of costly innovation AvgIR as the number of generations of regulations
divided by the total active time period for those regulations calculated in the same manner as
above. Once again, we consider only three generations of regulation: R0, R1, R2. We use this figure
to generate a single innovations-per-month value that represents both lender and regulator
innovation.
A full welfare function accounting would define costly re-regulation frequency to include costs
incurred by the regulator to re-regulate and by the lenders in innovating to escape re-regulation.
Because the cost of re-regulation would be proportional to the cost of lender innovation, and
because these costs are normalized to permit comparison with costs of payday lending, we
combine these two costs into a single term, IR. If we combined the terms in this way, the
objective cost function would constitute a function that reflects the full range of welfare effects.
We choose to restrict the function to considering regulator costs as a more plausible and realistic
assessment by regulators; the meaning of the objective cost function thus depends on
interpretation and emphasis.
More formally, we present the multiple-objective optimization problem of the form: minimize
{𝐴𝑣𝑔𝐿𝑇(𝑝, 𝑑), 𝐴𝑣𝑔𝐼𝑅(𝑝, 𝑑)}. Our problem involves two objective functions that specify vectors
of regulator decision making. The first function specifies the relationship between the regulator’s
decisions regarding adaptability and enforcement as inputs and the average payday lending as
objective output. The second function specifies the relationship between adaptability and
enforcement and re-regulation frequency as output. In ideal circumstances, a regulator would we
seek to minimize both of these objective functions simultaneously. In reality, however, there are
often factors that limit a regulator’s ability to achieve both goals, thus presenting a tradeoff.
As such, we define the objective cost function:
J = λ(avgIR) + (1- λ)(avgLT)

(13)

λ indicates the quantitative priorities of the regulator and both AvgIR and AvgLT are normalized
to allow for comparison. The optimization problem then reduces to minimizing J over the domain
space of p and d. We optimize to identify the optimal values of p and d that will minimize the
objective value J.
We focus first on varying p alone for constant d, before varying both p and d simultaneously.
More specifically, we traverse region [0, 1] × [0, 1] in p-d space, holding other parameters
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constant, to measure the effect of such variation on our two performance criteria. We then
compare these performances, to choose the p-d combinations with the lowest objective value J.
Table 1 Variables
Independent Variable
Reg. adaptation
Regulatory strength

abbrev
p
d

units
Odds of re-regulation/dt
Rate of lender closure/dt

Dependent Variable
Avg Lenders
Re-regulation Frequency

AvgLT
AvgIR

Lenders/dt
Innovations/dt

Table 2 Simulation Parameter Settings
Parameter
Time step
Initial generation of lenders
Initial maturity of regulator
Market saturation
Market growth rate
Market failure rate
Lender closure rate
Lender innovation rate
Lender copying rate

variable
dt
L1
R1
K
g
f
d
s
cc

units
months
Lenders
Reg mat.
Lenders
Lenders/dt
Lenders/dt
Lenders/dt
Lenders/dt
Lenders/dt

value
.02
10
.01
800
2.0
0.4
0.4
0.1
0.1

5. Lobbying [omitted for space]
Here, we extend the analysis briefly to consider the potential effect of lobbying on the
relationship between regulator adaptability and regulatory performance. We explore the potential
inhibiting effect of lender lobbying on the regulator’s adaptability, where lobbying strength
depends on the number of payday lenders in a given period of time.
6. Sensitivity Analysis
As a preliminary test for robustness, we conducted approximations on the model using more
extreme values of the parameters g, f, s, and cc across the range of p. We did this to verify stable
behavior in the parameter space around our choice of base case values. For each of p = {0.2, 0.6,
1.0}, parameter values were selected from the sets: g = {1, 4, 7}, f = {0.01, 0.5, 1.0}, s = {0.01,
0.5, 1.0}, and cc = {0.01, 0.5, 1.0}, with all other parameters held to their base values. From the
following lender population and regulator formation versus time graphs, we observed that the
nature of the tradeoff between total lender population and regulator innovation frequency is
preserved; that is, reductions to the total lender population continued to have corresponding
increases to the regulator innovation frequency.
[Begins on next page]
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VARYING CC, Lenders
As cc increases, the amount of time taken for populations to emerge and peak appears to be
decreasing in a consistent fashion for both L and R. Additionally, lender populations tend to be
higher with high cc.
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VARYING CC, Regulator
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VARYING f, Lenders
As expected, increasing f, the natural failure rate of lenders, causes total lender populations to
decrease.
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VARYING f, REGULATOR
There appears to be virtually no effect on R as f changes; only changes to p show any significant
contribution to regulator formation.
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VARYING g, LENDERS
L populations peak at higher values when g, the natural growth rate, increases, but only up to a
certain point, after which increasing g has diminishing returns on affecting L.

17

VARYING g, REGULATOR

There appears to be virtually no effect on R as g changes.
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VARYING s, Lenders
As s increases, the behavior observed by lenders is similar to increasing cc, with the exception of
more pronounced effects for extremely low s. This is not unexpected, as both s and cc affect the
emergence of new lender generations, with s directly controlling the initial appearance of an
escape lender.
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VARYING s, Regulator
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